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Abstract
We study the Einstein-singleton theory during de Sitter inflation since it provides
a way of degenerate fourth-order scalar theory. We obtain an exact solution expressed
in terms of the exponential-integral function by solving the degenerate fourth-order
scalar equation in de Sitter spacetime. Furthermore, we find that its power spectrum
blows negatively up in the superhorizon limit, while it is negatively scale-invariant in
the subhorizon limit. This suggests that the Einstein-singleton theory contains the
ghost-instability and thus, it is not suitable for developing a slow-roll inflation model.
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1 Introduction
The single-field inflation is still known to be a promising model for describing the slow-roll
(quasi-de Sitter) inflation [1] when one chooses an appropriate potential like the Starobinsky
potential which originates from f(R) = R + R2 gravity [2]. This Einstein-scalar theory
corresponds to a second-order tensor-scalar theory.
Our next question is to consider an Einstein-(higher-order) scalar theory even though
one may worry about a ghost state. For this purpose, it was interesting to compute the
power spectrum of a massive singleton (other than inflaton) generated during de Sitter
(dS) inflation because its equation belongs to a fourth-order equation. In order to compute
the power spectrum, one has to choose the Bunch-Davies vacuum in the subhorizon limit
of z → ∞. In addition, one needs to quantize the singleton canonically as the inflaton
did. However, it is hard to obtain a fully exact solution to the fourth-order equation
in dS spacetime. Instead, the authors in [3] have investigated the massive singleton to
show the dS/LCFT correspondence in the superhorizon limit of z → 0 as an extension
to the dS/CFT correspondence. Recently, two of us have shown that the momentum
correlators of LCFT take the same form as the power spectra ×k3 in the superhorizon
limit [4]. This might show that the dS/LCFT correspondence works for obtaining the
power spectra in the superhorizon limit. Nevertheless, the limitation of these works is that
their computations are valid only in the superhorizon limit because of difficulty in solving
a fourth-order differential equation in whole range z.
In this work we obtain an exact solution and compute a complete power spectrum of
singleton by solving the degenerate fourth-order scalar equation, which describes a prop-
agation of a massless singleton during dS inflation and by requiring the Pais-Uhlenbeck
quantization scheme for a degenerate fourth-order oscillator [5, 6, 7]. It turns out that the
singleton power spectrum blows negatively up in the superhorizon limit, while it is neg-
atively scale-invariant in the subhorizon limit. This suggests that the Einstein-singleton
theory is not a candidate for a slow-roll inflation because its power spectrum might show
ghost-instability.
2
2 Einstein-singleton theory
We introduce the Einstein-singleton theory where a dipole ghost pair φ1 and φ2 are mini-
mally coupled to Einstein gravity. The starting action is a second-order scalar-tensor theory
given by
SES = SE + SS =
∫
d4x
√−g
[( R
2κ
− 2Λ
)
−
(
∂µφ1∂
µφ2 +
µ
2
φ21
)]
, (1)
where SE is introduced to feed the dS inflation with Λ > 0 and SS represents the singleton
theory composed of two scalars φ1 and φ2 [8, 9, 10, 11, 12]. Here we have κ = 8πG = 1/M
2
P
with the reduced Planck mass MP and µ is a coupling parameter.
After the metric variation, the Einstein equation is given by
Gµν + κΛgµν = κTµν (2)
with the energy-momentum tensor
Tµν = 2∂µφ1∂νφ2 − gµν
(
∂µφ1∂
µφ2 +
µ
2
φ21
)
. (3)
Importantly, two scalar fields are coupled to be
∇2φ1 = 0, ∇2φ2 = µφ1, (4)
which lead to a degenerate fourth-order equation
∇4φ2 = 0. (5)
It can describe a fourth-order scalar theory because SS reduces to the fourth-order scalar
theory when eliminating an auxiliary field φ1 as [13]
S4S =
1
2µ
∫
d4x
√−g∇2φ2∇2φ2, (6)
which provides (5) directly. Choosing the vanishing scalars, the solution of dS spacetime
comes out as
R¯ = 4κΛ, φ¯1 = φ¯2 = 0. (7)
Explicitly, dS-curvature quantities are given by
R¯µνρσ = H
2(g¯µρg¯νσ − g¯µσg¯νρ), R¯µν = 3H2g¯µν (8)
3
with a Hubble parameter H =
√
κΛ/3. We select the dS background explicitly by choosing
a conformal time η
ds2dS = g¯µνdx
µdxν = a(η)2[−dη2 + δijdxidxj ], (9)
where the conformal and cosmic scale factors are given by
a(η) = − 1
Hη
, a(t) = eHt. (10)
During the dS inflation, a(η) goes from small to a very large value like af/ai ≃ 1030, which
corresponds to the fact that the conformal time η = −1/a(η)H runs from −∞ (subhorizon)
to −0 (superhorizon). The Penrose diagram is depicted in Fig. 1. Conformal invariance
in R3 at η = −ǫ is connected to the isometry group SO(1,4) of dS space. In this case, the
dS isometry group acts as conformal group when fluctuations are superhorizon [3]. Hence,
correlators are expected to be constrained by conformal invariance. Actually, a slice (R3)
at η = −ǫ is employed to calculate the power spectrum in the superhorizon limit. On the
other hand, one introduces the Bunch-Davies vacuum to compute the power spectrum in
the subhorizon limit of η → −∞.
We wish to choose the Newtonian gauge of B = E = 0 and E¯i = 0 for cosmological
perturbation around the dS background (9). In this case, the cosmologically perturbed
metric can be simplified to be
ds2 = a(η)2
[
− (1 + 2Ψ)dη2 + 2Ψidηdxi +
{
(1 + 2Φ)δij + hij
}
dxidxj
]
(11)
with transverse-traceless tensor ∂ih
ij = h = 0. Furtherore, two scalar perturbations are
defined by
φ1 = 0 + ϕ1, φ2 = 0 + ϕ2. (12)
In order to obtain the perturbed Einstein equations, one can linearize the Einstein equation
(2) directly around the dS spacetime as
δRµν(h)− 3H2hµν = 0→ ∇¯2hij = 0, (13)
which describes a massless gravitational wave propagation. Concerning two-metric scalars
Ψ and Φ, their linearized Einstein equations imply that they are not physically propagating
modes. In addition, we note that there is no coupling between {Ψ,Φ} and {ϕ1, ϕ2} because
4
Figure 1: Penrose diagram of dS spacetime with the UV/IR boundaries (∂dS∞/0) located
at η = −∞ and η = −0. A slice (R3) near η = −∞ is introduced to compute the power
spectrum in the subhorizon limit, while a slice (R3) at η = −ǫ is employed to calculate the
power spectrum in the superhorizon limit.
of φ¯1 = φ¯2 = 0 in dS inflation. The vector Ψi is also a non-propagating mode since it has
no kinetic term. The relevant linearized equations are those for two scalars
∇¯2ϕ1 = 0, (14)
∇¯2ϕ2 = µϕ1, (15)
which are combined to provide a degenerate fourth-order scalar equation
∇¯4ϕ2 = 0. (16)
This is our main equation to be solved to obtain the power spectrum of a massless singleton
during dS-inflation.
It seems appropriate to comment that Eqs.(14)-(16) are different from those of a massive
singleton in [4]: (∇¯2 −m2)ϕ1 = 0, (∇¯2 −m2)ϕ2 = µϕ1, (∇¯2 −m2)2ϕ2 = 0. We could not
solve the massive singleton equation in the whole range of η ∈ [−∞, −0].
5
3 Propagation of massless singleton
In order to compute the complete power spectrum, we have to know the solution to singleton
equations (15) and (16) in the whole range of η ∈ [−∞, −0]. For this purpose, two scalars
ϕi can be expanded in Fourier modes φ
i
k
(η)
ϕi(η,x) =
1
(2π)
3
2
∫
d3k φi
k
(η)eik·x. (17)
Eq.(15) leads to [
d2
dη2
− 2
η
d
dη
+ k2
]
φ1
k
(η) = 0. (18)
Introducing a new variable z = −kη, Eq.(18) can be rewritten as[ d2
dz2
− 2
z
d
dz
+ 1
]
φ1
k
(z) = 0 (19)
whose positive-frequency solution with the normalization 1/
√
2k is given by
φ1
k
(z) =
H√
2k3
(i+ z)eiz . (20)
This is the typical solution of a massless scalar propagating on dS spacetime.
On the other hand, plugging (17) into (16) leads to the fourth-order scalar equation[
η2
d2
dη2
− 2η d
dη
+ k2η2
]2
φ2
k
(η) = 0. (21)
This equation can be expressed in terms of z as[
d4
dz4
+ 2
(
1− 1
z2
) d2
dz2
+
4
z3
d
dz
+
(
1− 2
z2
)]
φ2
k
= 0 (22)
whose full solution is found to be
φ2
k
(z) =
[
c˜2(i+ z) + c˜1
{
2i+ (z − i)e−2izEi(2iz)
}]
eiz (23)
with two complex coefficients c˜1 and c˜2. This is one of our main results which states that
the solution (23) is an exact solution to the fourth-order equation (16). The c.c. of φ2
k
is also a solution to (22). Here, Ei(2iz) is the exponential-integral function of a purely
imaginary number defined by [14]
Ei(2iz) = Ci(2z) + iSi(2z)− iπ
2
, (24)
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Figure 2: Cosine-integral and Sine-integral functions as functions of z. In the super horizon
limit of z → 0, one finds that Ci[2z] → γ + ln[2z] and Si[2z] → 0. On the other hand, one
finds that Ci[2z]→ sin[2z]
2z
and Si[2z]→ pi
2
− cos[2z]
2z
in the subhorizon limit of z →∞.
where the cosine-integral and sine-integral functions are given by
Ci(2z) = −
∫ ∞
2z
cost
t
dt −→
{
z → 0 : γ + ln[2z] + Σ∞k=1 (−1)
k(2z)2k
2k(2k)!
z →∞ : sin(2z)
2z
+O 1
z2
, (25)
Si(2z) =
∫ 2z
0
sint
t
dt −→
{
z → 0 : Σ∞k=1 (−1)
k−1(2z)2k−1
(2k−1)(2k−1)!
z →∞ : − cos(2z)
2z
+ pi
2
+O 1
z2
(26)
with the Euler’s constant γ = 0.577 . Their behaviors are depicted in Fig. 2. We note that
Ei(2iz) satisfies the fourth-order equation
(z − i)z3 d
4Ei(2iz)
dz4
− 4iz4d
3Ei(2iz)
dz3
+ 2z(i− z − 4iz2 − 2z3)d
2Ei(2iz)
dz2
− 4(i− z − iz2 + 2z3)dEi(2iz)
dz
= 8e2iz (27)
and its asymptotic behaviors are given by
Ei(2iz) −→

 z → 0 : γ + ln[2z]−
ipi
2
z →∞ : −
[
i
2z
+ 1
(2z)2
]
e2iz
(28)
obtained from (24) together with (25) and (26).
It is worth to point out that the solution (23) is suitable for choosing the Bunch-Davies
vacuum to give quantum fluctuations because it shows
φ2
k
(z)→z→∞
[(
c˜2 +
3
2
c˜1
)
i+ c˜2z
]
eiz. (29)
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Then, Eq.(22) in the subhorizon limit of z → ∞ reduces to a degenerate fourth-order
equation which appeared in conformal gravity [15]
[ d2
dz2
+ 1
]2
φ2
k,∞(z) = 0 (30)
whose solution is given by
φ2
k,∞(z) = (c
′
1 + c
′
2z)e
iz. (31)
We note that after redefining c˜1 and c˜2, Eq.(29) leads to Eq.(31). The undetermined
constants c′1 and c
′
2 shows a feature of solution to the fourth-order equation (30) when one
compares these with the fixed solution (20) to the second order equation.
On the other hand, in the superhorizon limit of z → 0, Eq.(22) reduces to[
d4
dz4
− 2
z2
d2
dz2
+
4
z3
d
dz
]
φ2
k,0 = 0, (32)
whose solution is given by
φ2
k,0 = c¯1 + c¯2 ln[2z] (33)
with arbitrary constants c¯1 and c¯2. Especially, the presence of ln[2z] dictates that (33) is
the solution to the fourth-order equation (32). In deriving Eq.(32) from Eq.(22), we neglect
the last term of − 2
z2
because it is subdominant in the limit of z → 0. We note that the full
solution (23) reduces to Eq.(33) in the limit of z → 0 :
φ2
k,0 = i
[
c˜2 + (2− γ + iπ
2
)c˜1
]
− ic˜1 ln[2z], (34)
when choosing
c¯2 = −ic˜1, c¯1 = i
[
c˜2 +
(
2− γ + iπ
2
)
c˜1
]
. (35)
Finally, we may determine one coefficient c˜1 by making use of Eq.(15) together with
Eqs.(20) and (23):
c˜1 = − µ
3H
√
2k3
. (36)
However, c˜2 remains undetermined, but it will be determined by the Wronskian condition
in the next section.
8
4 Power spectra
The power spectrum is the variance of singleton fluctuations due to quantum zero-point
fluctuations. It is easily defined by the zero-point correlation function which could be
computed when one chooses the Bunch-Davies vacuum state |0〉 in the subhorizon limit.
The defining relation is given by
〈0|ϕˆa(η, 0)ϕˆb(η, 0)|0〉 =
∫
dk
k
Pab, (37)
where k =
√
k · k is the comoving wave number. Quantum fluctuations were created on
all length scales with wave number k. Cosmologically relevant fluctuations start their lives
inside the Hubble radius which defines the subhorizon: k ≫ aH . On later, the comoving
Hubble radius 1/(aH) shrinks during inflation while keeping the wavenumber k constant.
Eventually, all fluctuations exit the comoving Hubble radius, they reside on the superhorizon
region of k ≪ aH after horizon crossing.
For fluctuations of a massless scalar (∇¯2δφ = 0) and tensor (∇¯2hij = 0) with differ-
ent normalization originate on subhorizon scales and they propagate for a long time on
superhorizon scales. This can be checked by computing their power spectra
Pδφ = H
2
(2π)2
[1 + z2], (38)
Ph = 2×
( 2
MP
)2
× Pφ = 2H
2
π2M2P
[1 + z2]. (39)
To compute the singleton power spectrum, we have to know the commutation relations
and the Wronskian condition. The canonical conjugate momenta are given by
π1 = a
2ϕ′2, π2 = a
2ϕ′1. (40)
The canonical quantization is accomplished by imposing equal-time commutation relations:
[ϕˆ1(η,x), πˆ1(η,y)] = iδ
3(x− y), [ϕˆ2(η,x), πˆ2(η,y)] = iδ3(x− y). (41)
The two operators ϕˆ1 and ϕˆ2 are expanded in terms of Fourier modes as [6, 13, 15]
ϕˆ1(z,x) =
1
(2π)
3
2
∫
d3kN
[(
iaˆ1(k)φ
1
k
(z)eik·x
)
+ h.c.
]
, (42)
ϕˆ2(z,x) =
1
(2π)
3
2
∫
d3kN˜
[(
aˆ2(k)φ
1
k(z) + aˆ1(k)φ
2
k(z)
)
eik·x + h.c.
]
(43)
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with N and N˜ the normalization constants. Plugging (42) and (43) into (41) determines
the relation of normalization constants as NN˜ = 1/2k and commutation relations between
aˆa(k) and aˆ
†
b(k
′) as
[aˆa(k), aˆ
†
b(k
′)] = 2k
(
0 −i
i 1
)
δ3(k− k′), (44)
where we observe a Jordan cell structure. This is the typical commutation relations ap-
peared when one quantizes a degenerate Pais-Uhlenbeck fourth-order oscillator [6]. Here
the commutation relation of [aˆ2(k), aˆ
†
2(k
′)] is implemented by the Wronskian condition. The
Wronskian condition for φ1
k
(z) and φ2
k
(z) leads to
a2
(
φ1
k
dφ2∗
k
dz
− φ2∗
k
dφ1
k
dz
+ φ1∗
k
dφ2
k
dz
− φ2
k
dφ1∗
k
dz
)
=
√
k
2
1
H
[
2i(c˜2 − c˜∗2)− (c˜1 + c˜∗1)
( 1
z3
+
3
z
)]
=
1
k
. (45)
To satisfy the above relation, let us impose
c˜1 = −c˜∗1, c˜2 = −
iH
2
√
2k3
. (46)
At this stage, it is worth to note that the Wronskian normalization condition was
originally designed for the second-order theory. In the subhorizon limit of z → ∞, the
fourth-order contribution is nothing, while it blows up unless c˜1 is purely imaginary in the
superhorizon limit of z → 0. Hence, we may neglect the fourth-order contribution to the
Wronskian condition by choosing c˜1 to be purely imaginary. Considering (36), one may
determine
c˜1 = −i 2H
3
√
2k3
(47)
by choosing µ = 2iH2. We note here that choosing c˜1 = i
2H
3
√
2k3
leads to the positive power
spectrum (P22 > 0) in the whole range z, which contradicts to the negative power spectrum
of a fourth-order scalar theory.
Then, we could easily find that
P11 = 0, P12(z) = P21(z) = k
3
2π2
|φ1
k
|2 = H
2
(2π)2
[1 + z2]. (48)
10
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Figure 3: Power spectra P12 and P22 as functions of z for H2 = (2π)2. In the superhorizon
limit of z → 0, one finds that P12 → 1 while P22 → −∞. On the other hand, P12 → ∞
and P22 → −1 in the subhorizon limit of z →∞.
However, the power spectrum P22 takes a complicated form
P22(z) ≡ P(1)22 (z) + P(2)22 (z)
=
k3
2π2
[
|φ1
k
|2 + i(φ1
k
φ2∗
k
− φ2
k
φ1∗
k
)
]
=
(
H
2π
)2 [
1 + z2 −
{
1 + z2 + 4ic˜1
√
2k3
H
+ 2ic˜1
√
2k3
H
Re[f(z)]
}]
= −4
3
(
H
2π
)2 [
2 +Re[f(z)]
]
, (49)
where f(z) is given by
f(z) = e2iz(i+ z)2Ei(−2iz). (50)
This is another of our main results: power spectrum of massless singleton is explicitly
expressed in terms of the exponential-integral function. Fig. 3 indicates the behaviors of
P12(z) and P22(z) generated during dS inflation. We note that the former shows a typical
power spectrum for a massless scalar (δφ, ϕ1) or graviton (h), while the latter indicates a
power spectrum of the singleton (ϕ2). It is reasonable to assist that the power spectrum of
P22 is negative because it corresponds to that of a purely fourth-order scalar theory. That
is, one could not avoid to find ghost-instability when computing the power spectrum of a
fourth-order derivative scalar theory during dS inflation.
In the subhorizon limit of z →∞, one finds a negatively scale-invariant spectrum
Pz→∞22 = −
(
H
2π
)2
(51)
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because Re[f(z)] → −5
4
in this limit. We note that the power spectrum of the scale-
invariant scalar tensor theory is given by [16]
PSIST = 1
2(2π)2
. (52)
Taking f(z) in the superhorizon limit of z → 0
f(z)→z→0
[
− γ − ln[2z] + (1− γ)z2
]
+ i
[
− π
2
+ 2z − πz
2
2
]
, (53)
the power spectrum (49) of massless singleton leads to
Pz→022 (z) = −
4
3
(
H
2π
)2 (
2− γ − ln[2z]
)
(54)
=
4
3
(
H
2π
)2 (
ln[z]− 0.73
)
,
which explains why P22(z) blows up negatively as z → 0 in Fig. 3. On the other hand, one
has a power spectrum for a massless scalar
Pz→012 =
(
H
2π
)2
. (55)
5 Discussions
We have obtained the exact solution and computed the complete power spectrum (49) of
a singleton expressed in term of the exponential-integral function by solving the degener-
ate fourth-order equation and by requiring the Pais-Uhlenbeck quantization scheme for a
degenerate fourth-order oscillator.
Its two asymptotic behaviors are quite different from those [(52) and (55)] of a massless
scalar. In the subhorizon limit z →∞, the power spectrum (51) of a singleton is a negatively
scale-invariant one which is opposite to (52) of scale-invariant scalar-tensor theory [16], while
it blows up (negatively divergent) in the superhorizon limit of z → 0 as is shown in (54).
This indicates a feature of purely fourth-order derivative scalar theory in dS spacetime [3].
Even though our computation was based on the dS inflation, the above asymptotic
features have suggested that the Einstein-singleton theory including a fourth-order scalar
theory is not a good candidate for a slow-roll (quasi-dS) inflation model.
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Finally, we discuss some issues relevant to our model.
• Ghost-instability of the model
Since SS in (1) reduces to the fourth-order derivative scalar theory (6), we worry about the
ghost-instability problem. Using the Pais-Uhlenbeck quantization scheme for a degenerate
fourth-order oscillator in dS spacetime, we have found the negative power spectrum P22(z)
in (49), depicted in Fig 3. In the subhorizon limit of z →∞, we have obtained a negatively
scale-invariant power spectrum (51) which indicates the ghost instability clearly. On the
other hand, P22(z) blows negatively up in the superhorizon limit of z → 0. This indicates
that the singleton theory is a fourth-order derivative scalar theory which must contain a
ghost state.
• Problem of exit mechanism
The dS inflation is driven by the cosmological constant Λ which is a non-dynamical quantity.
Hence, this corresponds to an eternal inflation and thus, there is no natural way to exit the
inflationary phase. This is a handicap of dS inflation. In the slow-roll inflation (quasi-dS
inflation), however, the inflaton plays an essential role in exiting the inflationary phase.
• Is µ = 2iH2 a mass square of φ1?
In order to obtain Eq. (47), we specified µ = 2iH2. Recalling the definition of µ in (1),
it seems that µ plays the role of the mass square of φ1. However, this is not true. µ is
just a parameter of connecting φ2 with φ1 to get the fourth-order derivative equation for
φ2 from a mixed kinetic term. If one wishes to have a massive singleton, one has to include
a potential term of m2φ1φ2 [4]: (∇¯2 −m2)ϕ1 = 0, (∇¯2 −m2)ϕ2 = µϕ1, (∇¯2−m2)2ϕ2 = 0.
• Slow-roll inflation in the Einstein-singleton theory
If one wishes to consider the slow-roll inflation in the Einstein-singleton theory SES including
the potential of m2φ1φ2, the Einstein equation takes the form of Gµν = T
m
µν/M
2
P which
provides the energy density ρ = φ˙1φ˙2 + (m
2φ1φ2 + µφ
2
1/2) and the pressure p = φ˙1φ˙2 −
(m2φ1φ2 + µφ
2
1/2). The first and second Friedmann equations are given by H
2 = ρ
3M2
P
and H˙ = − ρ+p
2M2
P
. Even though this model is similar to two-field inflation model with the
chaotic potentials, this is not the case because their full scalar equations are given by
φ¨1 + 3H(t)φ˙1 +m
2φ1 = 0 and φ¨2 + 3H(t)φ˙2 +m
2φ2 = −µφ1 which are combined to give
a fourth-order equation of ( d
2
dt2
+ 3H(t) d
dt
+ m2)2φ2 = 0. It conjectures that their slow-
roll equations are quite different from those of two-field inflation. Furthermore, it requires
a non-trivial task to perform the cosmological perturbations around the slow-roll inflation
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instead of the dS inflation. Especially, it is important to define the curvature perturbationR
in the Einstein-singleton theory. It was given by R = −Hδφ/φ˙ for the single-field inflation
in spatially flat gauge, while it takes the form of RS = −H [ϕ1/φ˙1+ϕ2/φ˙2] for the singleton
inflation. For example, the power spectrum appeared in dS spacetime with φ˙1 = φ˙2 = 0 [3, 4]
was given by Pmϕ2ϕ2 ∼ z2w(1 + 2 ln[z]) with w = 3/2−
√
9/4−m2/H2 in the superhorizon
limit. However, we remain “cosmological perturbations of the Einstein-singleton theory
around the slow-roll inflation” as a future work, worrying about the appearance of the
ghost states. This is so because the strange asymptotic behavior of power spectrum of
Pϕ2ϕ2 indicates a negatively divergent behavior in the superhorizon limit of z → 0, which
reflects that the Einstein-singleton theory includes a fourth-order derivative scalar theory.
Furthermore, there is no way to avoid a ghost-instability in the whole range of z. Thus, our
result during dS inflation suggests that the Einstein-singleton theory is not considered as a
model for developing a slow-roll inflation because a negative power spectrum of curvature
perturbation (PRSRS < 0) persists in the slow-roll inflation. This is because ϕ2 satisfies a
fourth-order differential equation during the slow-roll inflation.
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